Abstract. -The statistical properties of failure are studied in a fiber bundle model with thermal noise. We show that the macroscopic failure is produced by a thermal activation of microcracks. Most importantly, the effective temperature of the system is amplified by the spatial disorder (heterogeneity) of the fiber bundle. These results give new insight to the study of thermally activated cracks and they can be useful in the study of electrical networks.
The problem of failure of heterogeneous materials represents a formidable challenge for physicist and engineers, not only for its importance in civil and industrial applications, but also for some relevant statistical aspects. Many models have been proposed to give more insight into these processes and their statistical properties [1] [2] [3] [4] [5] [6] . However, even minimal models, in spite of their apparent simplicity, can seldom be solved analytically. This motivates studies on a class of models which aim at capturing the "essentials" of the physical phenomenon (involving severe simplification), and are amenable to an analytical treatment.
Among them, the democratic fiber bundle model (DFBM) receives a broad interest in the scientific community. In its original formulation [7, 8] N parallel fibers are connected to two rigid bars. A tensile force F = Nf 0 is then applied to the bars, and redistributed over the unbroken fibers, which are supposed to be elastic and brittle, with a failure threshold f c which is randomly assigned to each fiber (here disorder comes into play). All of the fibers are supposed to be subjected to the same load (mean-field hypothesis). A lot of extensions of this model have been considered, such as plastic behaviour [9] , load sharing rules [10] [11] [12] , and many others.
However all of these models cannot explain the delayed failure of a material subjected to a constant load (creep test). Motivated by several experimental [13] [14] [15] and theoretical results [16, 17] we introduced in the standard DFBM a thermally activated process [18, 19] . In a classical DFBM [1, 3, 4, 7, 20, 21] , which is a deterministic model, it is not possible to observe stochastic phenomena such as nucleation. Introducing thermal noise into the system we transformed the DFBM in a stochastic model, so that such a process becomes observable.
The purpose of this letter is to extend the results of our previous work [18, 19] and those obtained analytically by Roux [22] . Adding a thermal noise to the classical DFBM, one can reproduce several features of a material subjected to a creep-test. Furthermore, we prove that, Fig. 1 -Fiber bundle and the fuse network with thermal noise. It is very well known [1] that in two dimensions a fuse network driven at imposed current has a one-to-one correspondence with the DFBM, where the input current I is equivalent to the force F , the voltage to the displacement and the resistance to the spring stiffness. In a fuse network each fuse is an electrical resistance which is a source of Nyquist noise (voltage generators vj(t) in the figure). It is easy to see that the fuse current ij = I/N + vj(t)/R. Thus the current in each fuse is modulated by its thermal noise which has a Gaussian distribution of variance KT . The problem is to compute how the fuse network driven at imposed current will be destroyed by its own thermal noise and the influence of the network disorder on this process. In the case of the springs one can think that the springs have a viscous damping which, because of the fluctuation dissipation theorem, is a source of thermal noise.
for such a process, the noise is in some way enhanced by the network disorder. We describe here only the main results, leaving the details for a longer report [23] .
We simulate the behavior of an elastic heterogeneous medium subjected to an imposed tensile force using a DFBM with thermal noise. In its standard formulation each fiber of the net is subjected to a local force f i = f 0 N N −n , where n is the number of broken fibers, that is the load is democratically redistributed over all the fibers.
To take into account a thermal activated process we add a random noise contribution ∆f to the local force: f i (t) = f 0 N N −n +∆f i (t). We assume that ∆f (t) is a normally distributed noise with 0 mean value and variance KT . The terms ∆f i (t) are supposed to be uncorrelated( 1 ) for each fiber i and for each time step t. In order to clarify the physical role of thermal noise we plot in fig. 1 the fuse network, which is the electrical analogue [1] of the fiber bundle.
Each fiber has its own failure threshold f c (i), which is definitely assigned before the load is applied. Each fiber breaks if f i (t) > f c (i). In a homogeneous net all the thresholds are equal. Conversely, in the case of an heterogeneous net f c (i) is randomly assigned following a distribution G 0 (f c ). We stress that the threshold distribution is not quenched: it is assigned at time t = 0, that is G(f c , 0) = G 0 (f c ), but it changes during the breaking process. Moreover, the way G(f c , t) evolves reveals to be crucial for the dynamics of the system.
We first consider the homogeneous case where the failure threshold f c ≡ 1 is the same for all of the fibers, that is
2KT dx be the probability that the thermal noise has an amplitude larger than η. The force present on each fiber is f = f 0 N N −n , so that the probability that a single fiber breaks in a time step is
Thus the expected number of fibers that break in a time step is
As in the limit N → ∞ the ratio n N becomes independent of N , we can introduce the function φ(t), representing the fraction of broken fibers at time t:
It is easy to prove [23] that the following differential equation describes the evolution of φ(t):
The failure time τ is defined as the time at which all the fibers are broken. One finds that in the limit φ 1 and 2 √ 2 KT < (1 − f 0 ) it is possible to write an approximated solution of eq. (4), where the thermal noise follows a normal distribution:
and
where C =
(1−f0)f0 KT . In order to check these analytical results we have done numerical simulations on the fiber bundle. In the following we will assume, without loss of generality, F (t) = F , f (c) = 1 and In fig. 2a we plot the time evolution of φ as a function of time obtained either by solving eq. (4) numerically, by the analytical expression (6) and by direct numerical simulation of the fiber bundle with N = 1000. One sees that the numerical data agree with the theoretical prediction, thus eq. (4) well describes the dynamics of the system.
We then studied the dependence of the failure time τ on f 0 and KT . The prediction of eq. (5) can be accurately checked by plotting τ = τ f 0 / √ 2πKT as a function of (1 − f 0 ) 2 /(2KT ). We observe (see fig. 2b ) that the numerical values collapse on the single straight line of slope one, verifying in this way eq. (5) and the hypotheses done to get this equation.
In the disordered case the breakdown threshold f c is no longer a constant for all the fibers. This makes the problem more difficult, because to describe the dynamics of the system one has to take into account the time evolution of the threshold distribution, which is coupled with φ(t) in the following way:
This system is far too complex to be integrated exactly, so one has to study its evolution by direct numerical simulation to get some guess. To do this we used an initially normal distribution G 0 (f c ) of mean value 1 and variance σ 2 0 /2 = KT d . In fig. 3 we show the evolution of G(f c , t) as a function of the fraction of broken bonds φ. We see that the distribution is eroded on the left side whereas the right side it remains unchanged. Thus one can make the hypothesis that the dynamics is controlled by the weakest fibers which are the first to break.
Further, one can take into account (see fig. 3 ) that 90% of the unbroken bonds have a threshold f c larger than an f min , which on a first approximation is a linear function of φ,
One can make the hypothesis that only the fibers with f > f min play an important role in supporting the applied load.
Using these hypotheses one finds [23] that (in the limits of
One notices that in the homogeneous case (KT d = 0) eq. (8) reduces to eq. (5), while for KT d = 0 there is an effective temperature( 2 ) KT eff which is an increasing function of the disorder variance KT d (the divergence is outside the approximation limits). Moreover, the correction on KT due to KT d enters eq. (9) in a multiplicative way. One could argue that it is clear that disorder should reduce the failure time of the system. What is not obvious at all ( 2 )We observe that the variation of τ 0 due to σ 0 introduces just a logarithmic correction on τ : the process is entirely dominated by the exponential term. Hence KT eff plays the role of an effective temperature.
is the way in which this happens, that is the disorder amplifies the effective temperature of the system. Another interpretation of eq. (8) and eq. (9) is that the disorder changes the critical force from f c = 1 (in the ordered case) to a smaller value (1 − √ πσ 0 /2) in the disordered case. We consider that the interpretation in terms of KT eff is the best one. Indeed one can show (see [22] ) that if the dynamics were dominated by the fibers with thresholds in the tails of G 0 (f c ) then KT eff = KT + KT d . The interpretation given in eq. (9) stresses the difference between a tail-dominated dynamics and a dynamics dominated by the fibers with f c > f min .
In order to check these results we have done numerical simulations keeping KT d fixed to constant (not zero) values. In fig. 4(a) we plot the dependence of τ as a function of 1/KT for different values of KT d . We notice that for the same values of KT , τ decreases by several orders of magnitude by increasing the disorder noise. Most importantly, we see that for any values of KT d the leading dependence of τ on KT is the same as in the ordered case (compare eq. (5) and eq. (8)), but the values of prefactor τ 0 and exponent A = 2 /(2KT eff ). We observe (see fig. 4(b) ) that, as in the homogeneous case, the numerical values collapse on a single straight line of slope one, verifying in this way eq. (8) . Looking at fig. 4(a) and from eq. (8) we also notice that the derivative of τ with respect to KT decreases as a function of KT d . Thus the disorder reduces the dependence of τ on temperature.
Summarizing, the following conclusions can be extracted from the numerical and the analytical results: a) The failure time τ decreases as disorder noise variance KT d increases, that is the more the medium is heterogeneous, the smaller the failure time is (see fig. 4(a) ). b) As disorder noise variance KT d increases, the difference between failure times τ at different values of thermal noise variance KT decreases, that is the failure time τ becomes less sensitive to the effective value of thermal noise (not zero as well), as shown in fig. 4(a) .
The main goal of this simulation was to check the role of the disorder on the thermally activated breakdown of the fiber bundle model. We have shown both analytically and numerically that disorder plays an important role in the dynamics of the system, in that it induces an effective temperature T eff which is higher than the thermodynamic one. This effective temperature is equal to the thermal-noise temperature multiplied by a factor which is an increasing function of disorder variance (see eq. (9)). Two important hypotheses have been done to get this result. The first is that the threshold distribution evolves as a function of the fraction of broken bonds. The second is that the tails of the distribution do not play an important role and to estimate τ one has to consider only the part of the distribution containing about 90% of the unbroken bonds. Similar conclusions about a disorder-induced high temperature in nucleation processes have been reached in other disordered systems such as foams [24] . This is an interesting result because it seems to be a quite general property of disordered systems where a thermally activated process with long-range interactions may be present. * * * Part of this work has been done within a SOCRATES exchange program of the European Community between ENSL and "Facoltà d'Ingegneria, Università di Firenze, Italy". One of us (RS) thanks "Le laboratoire de Physique de l'ENSL" for the very kind hospitality during his visit.
